Microwave Background (CMB) data analysis. Here, we present a nonparametric estimate of the temperature angular power spectrum for the Planck 2013 CMB data. The method implemented in this work is model-independent, and allows the data, rather than the model, to dictate the fit. Since one of the main targets of our analysis is to test the consistency of the ΛCDM model with Planck 2013 data, we use the nuisance parameters associated with the best-fit ΛCDM angular power spectrum to remove foreground contributions from the data at multipoles ≥ 50. We thus obtain a combined angular power spectrum data set together with the full covariance matrix, appropriately weighted over frequency channels. Our subsequent nonparametric analysis resolves six peaks (and five dips) up to ∼ 1850 in the temperature angular power spectrum. We present uncertainties in the peak/dip locations and heights at the 95% confidence level. We further show how these reflect the harmonicity of acoustic peaks, and can be used for acoustic scale estimation. Based on this nonparametric formalism, we found the best-fit ΛCDM model to be at 36% confidence distance from the center of the nonparametric confidence set -this is considerably larger than the confidence distance (9%) derived earlier from a similar analysis of the WMAP 7-year data. Another interesting result of our analysis is that at low multipoles, the Planck data do not suggest any upturn, contrary to the expectation based on the integrated Sachs-Wolfe contribution in the best-fit ΛCDM cosmology.
Introduction
Anisotropy measurements for the Cosmic Microwave Background (CMB) provide high precision information about the Universe, largely encoded in its temperature angular power spectrum. Especially, the shape of this angular power spectrum is a sensitive measure of the cosmological parameters and initial conditions of a 'standard' homogeneous and isotropic Universe. Therefore, it is important to gauge how realistic and reasonable the estimated angular power spectrum is before drawing conclusions about the Universe.
Conventional methods used by cosmologists are based on assuming a specific family of cosmological models with finite number of free parameters to infer the underlying theoretical angular power spectrum. On the other hand, nonparametric methods do not assume any specific model form; they attempt to estimate the true but unknown angular power spectrum with minimum possible assumptions [1] .
The specific nonparametric method employed in this work estimates the angular power spectrum along with a high-dimensional confidence set (often referred to as confidence ball because it is ellipoidal by construction). The confidence ball also allows the inference of key features such as uncertainties on locations and heights of peaks and dips of the inferred angular power spectrum that are important for capturing and verifying the fundamental physical processes of the underlying cosmology. It can also be used for validating different cosmological models, based on the data. This nonparametric methodology was first introduced in a series of papers [2] [3] [4] [5] , which was then generalized for the case of known noise covariance matrix, and used in CMB data analysis by [6] and [7] . The method was further adopted with important improvements for the analysis of the WMAP 1, 3, 5, and 7-year data sets [1] , and also used [8] to forecast, using simulated Planck-like data, the temperature and polarization angular power spectra expected from the Planck mission [9] .
In this paper, we present the nonparametric analysis of the recently released Planck temperature angular power spectrum data [10] . First, we obtain a combined angular power spectrum data and its covariance matrix using the angular power spectra data at different frequency channels (Sec. § 2.1). Using this combined angular power spectrum, we estimate the nonparametric fits, as described in § 2.2. In § 3.1, we present an assessment of the quality of our nonparametrically estimated spectrum. In § 3.2, we present the uncertainties on peak/dip locations and heights of the nonparametric angular power spectrum. In § 3.3, we demonstrate the harmonicity of acoustic peaks of this angular power spectrum, and present an estimate of the acoustic scale A which is related to the widely-accepted acoustic physics of the standard cosmological model. In § 3.4, we use our nonparametric spectrum to check the consistency of the Planck best-fit ΛCDM model [11, 12] with the data. Finally, we present our conclusions in § 4.
Data and methods
The Planck mission measured the CMB temperature anisotropies over the whole sky with higher precision than preceding experiments [10] . It observes the sky in different frequency bands from 30 to 353 GHz, and provides the temperature angular power spectrum in the multipole range 2 ≤ ≤ 2500. For estimating the temperature angular power spectrum, which is the goal of this paper, we first construct, as described below, a single angular power spectrum data set by appropriately combining data at different frequency channels.
Data
The Planck satellite observes the CMB temperature in a wide range of channels from 30 to 353 GHz. For < 50, where Galactic contamination has a significant contribution, the angular power spectrum data is derived by using all channels to remove Galactic foregrounds and give a single data set. At the ≥ 50 multipoles, the extragalactic foregrounds are relatively more significant. The Planck likelihood code implements a model with a set of nuisance parameters to account for the effects of the foregrounds. It calculates the likelihood value by using the foreground model and the angular power spectra in the frequency range from 100 to 217 GHz.
Because we would like to compare model-independent estimate of the angular power spectrum with the Planck best-fit ΛCDM model, we borrow the nuisance parameters associated with the Planck best-fit ΛCDM model [11, 12] to obtain the background angular power spectra data in the frequency range 100 to 217 GHz. Figure 1 depicts the background angular power spectra thus obtained. Table 1 tabulates the angular power spectra with corresponding coverage multipoles range. As can be seen, they overlap in some ranges of multipoles. To obtain a single data set, we calculate a weighted-averageD of angular power spectra D = ( + 1)C /2π over contributing frequency channels for each multipole . Individual angular power spectra are weighted inversely in proportion of their corresponding variances. The weighted-average angular power spectrumD thus has the form
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where ch runs over channels in Table 1 , D ch is the temperature angular power spectrum of the associated frequency channel (in µK 2 units) at multipole , w ch is the weight term, and (σ ch ) −2 is the inverse estimated variance of D ch . 2  100  200  300  400  500  600  700  800  900  1000  1100  1200  1300  1400  1500  1600  1700  1800  1900  2000  2100  2200  2300  2400 The Planck angular power spectra data. The angular power spectrum at low multipoles ( < 50) is obtained by using the frequency channels from 30 to 353 GHz (black points and error bars). For the higher multipoles ( ≥ 50), the background Planck angular power spectra in channels 100 × 100 GHz, 143 × 143 GHz, 217 × 217 GHz and 143 × 217 GHz (blue, red, gray and green points and error bars respectively) are obtained by using the foreground nuisance parameters associated with the best-fit ΛCDM model [11, 12] .
The covariance matrix of the combined data, considering all correlation terms between different spectra and multipoles, takes the form
where ch and ch run over frequency channels in Table 1 , and Cov(D ch , D ch ) indicates the covariance between frequency channels ch and ch at multipoles and as computed by the Planck likelihood code [11] . As we can see from the above equation, this covariance matrix incorporates correlations between all the contributing frequency channels. 143 × 217 500-2500 Table 1 . The multipole ranges of the spectra and the cross-spectra provided by Planck data for ≥ 50 [11] .The combined Planck temperature angular power spectrum data. The angular power spectrum in < 50 is obtained by using the Planck frequency channels from 30 to 353 GHz. For higher multipoles ( ≥ 50) the weighted-average of the background CMB angular power spectra from combination of 100 × 100 GHz, 143 × 143 GHz, 217 × 217 GHz and 143 × 217 GHz channels is used.
Nonparametric angular power spectrum
We employ the model-independent regression method that was adopted with improvements in [1, 8] . In this formalism, a nonparametric fit is characterized by its effective degrees of freedom (EDoF) which can be considered as the equivalent of the number of parameters in a parametric regression problem.
The full-freedom fit is obtained by minimizing the risk function under a monotonicity constraints on the shrinkage parameters [1] . The full-freedom fit can be quite oscillatory depending on the level of noise in the data. Although this fit is a reasonable fit, captures the essential trend in the data well, and is optimal (in the sense of minimizing a risk function with minimal restrictions), all the cosmological models predict a far smoother angular power spectrum. To account for this, we minimize the risk but progressively restrict the EDoF relative to the full-freedom fit until we get an acceptable smooth fit. We call this the restricted-freedom fit. Additional details about this methodology can be found in [1] .
Applying this nonparametric method on Planck CMB angular power spectrum data (as described in subsection 2.1), the full-freedom fit obtained corresponds to EDoF ∼ 130 (Figure 3 ; black points). Although the full-freedom fit does reveal the angular power spectrum, it shows low-level oscillations that arise partly due to the noise in the data. By restricting the EDoF of the fit, we find that the restricted-freedom fit with EDoF = 25 ( Figure 3 ; blue points) has an acceptable level of smoothness. The choice of EDoF = 25 is guided by the cosmological consideration that we expect to see a smooth fit with 6 peaks up to ∼ 2000. Essentially, by restricting the EDoF, we have attempted to avoid artificial numerical peaks in the fit, and at the same time we try to avoid over-smoothed fits. At EDoF = 25, the angular power spectrum clearly reveals six peaks and five dips for < 1850. Due to higher noise level for ≥ 1850, the restricted-freedom fit does not resolve individual peaks in this region. For comparison, we also plot the Planck best-fit ΛCDM model (Figure 3 ; red points). The full-freedom fit, the restricted-freedom (EDoF = 25) fit, and the Planck best-fit ΛCDM by and large follow each other except for one significant difference: The best-fit ΛCDM model in Figure 3 (inset plot) shows an up-turn for < 10; this is expected on the basis of the integrated Sachs-Wolfe effect [13] . However, neither the full-freedom fit nor the restrictedfreedom nonparametric fits, which are driven more by the data than by a model, reveal such an upturn. We discuss this further in a latter section.
Another useful feature of this nonparametric methodology is a powerful construct called the (1−α)-confidence set which, under a minimal set of assumptions, is guaranteed to capture the true but unknown spectrum with probability (1 − α) in the limit of large data. This construct can be used to simultaneously quantify uncertainties on any number of features of the fit at the same level of confidence, and also to validate fits based on cosmological models against data. We will use both aspects of this construct in the next section.
Inferences
In this section we present a set of interesting inferences from our nonparametric analysis of the Planck temperature angular power spectrum data. We use the restricted-freedom nonparametric fit and the corresponding confidence ball for estimating uncertainties related to peaks and dips, for assessing the quality of our nonparametric fit itself, for estimating the acoustic scale l A , and to demonstrate the harmonicity in the peaks. Further, we employ 2  100  200  300  400  500  600  700  800  900  1000  1100  1200  1300  1400  1500  1600  1700  1800  1900  2000  2100  2200  2300  2400  2500
Figure 3 . The nonparametric fits for Planck temperature angular power spectrum data. Black: fullfreedom fit (EDoF ∼ 130), blue: restricted-freedom fit (EDoF = 25), red: best-fit ΛCDM model, gray: Planck angular power spectrum data. The inset plot illustrates the difference between nonparametric fits and the best-fit ΛCDM model in < 60 region. The best-fit ΛCDM model shows an upturn at < 10 due to ISW effect which is not indicated by the nonparametric reconstruction.
the full-freedom fit and its confidence ball for testing the consistency of the Planck best-fit ΛCDM model with the data.
Assessment of quality of the nonparametric angular power spectrum
To assess the quality of our nonparametric fit, we record the maximum vertical variation in our estimated nonparametric angular power spectrum (restricted-freedom fit with EDoF = 25) at each multipole using 5000 randomly sampled spectra drawn uniformly from the 95% confidence ball around the fit. The ratio of this variation to the value of the fit yields a relative measure of how well the angular power spectrum is determined [1, 6] . We plot ( Figure 4 ) this ratio over the multipole range of well-resolved peaks ( < 1850). This ratio has a value less than 1 over this entire range, which indicates that the nonparametric fit is well-determined over this multipole range. For comparison, we have included (inset) a similar plot for the WMAP 7-year data from [1] . Here, the ratio is considerably larger than 1 for > 842; this is the effect of high noise at high multipoles in that data set. 
Uncertainties on peaks and dips
In the world of cosmological models, the shape of the CMB angular power spectrum is dictated by the underlying cosmological model and the parameters therein. In particular, the locations and heights of peaks and dips in the angular power spectrum are known to depend sensitively on the model parameters. Consequently, given a cosmological model, the uncertainties in the locations and heights of peaks and dips can in principle be used to assess uncertainties in the values of the cosmological parameters in the model.
The nonparametric methodology used in this paper allows computing uncertainties (in the form of confidence intervals) on any feature of the fit using the confidence ball around the fit. Specifically, for this purpose, we apply the prescription in [1] to the six peaks and five dips in the < 1850 multipole region using 5000 random samples drawn uniformly from the 95% confidence ball around the restricted-freedom fit with EDoF= 25. The most extreme variation in the peaks and dips, both horizontal and vertical, constitute the corresponding 95% confidence intervals; these are shown in Fig. 5 as rectangles around the peaks and dips. The restricted-freedom fit does not show peak or dip in multipoles < 10. Therefore the 2  100  200  300  400  500  600  700  800  900  1000  1100  1200  1300  1400  1500  1600  1700  1800  1900  2000  2100  2200  2300 2400 2500 Figure 5 . The 95% uncertainty boxes around the peaks and dips. The black curve is the restrictedfreedom fit with EDoF = 25 to the Planck angular power spectrum data (gray points). The uncertainty boxes shows the extreme variations of 5000 acceptable sampled angular power spectra from the 95% confidence ball. The vertical blue line at = 2 indicates the 95% variation of the fit and does not represent the uncertainty of a peak or dip.
vertical blue line in Figure 5 at = 2 indicates only the 95% variation of the fit. These confidence intervals are tabulated in Table 2 .
Harmonicity of peaks and the acoustic scale
In the early Universe before the last scattering, the baryon-photon fluid underwent acoustic oscillations. The imprint of these oscillations is expected to be a series of harmonic peaks in the angular power spectrum. From a model-independent viewpoint, it would be interesting to see if this harmonicity can be "rediscovered" in a nonparametric analysis such as ours.
Our results in this regard are illustrated in Figure 6 . This figure is the result of a random sample of 10000 6-peaked spectra uniformly sampled from the 95% confidence set around the restricted-freedom fit, and shows a 2-dimensional color-coded histogram for the ( i , j ) scatter, where i is the position of the ith peak. Also indicated in this figure are ) denotes the location (depth) of the mth dip.
the peak-against-peak positions for two single fits; namely, the angular power spectrum for the best-fit ΛCDM model [11, 12] (crosses), and our nonparametric restricted-freedom fit (circles). Two features of this remarkable plot are worth pointing out. First, we see a close agreement between our nonparametric fit and the ΛCDM-based parametric fit. Second, we see a regular lattice structure in the (nonparametric) peak-against-peak scatter. We interpret this latter as a direct, model-independent evidence for the basic physics of harmonicity of acoustic oscillations in the baryon-photon fluid.
The acoustic scale l A . The harmonicity of acoustic oscillations can also be stated in terms of the acoustic scale A . The equation A = m( m − φ m ) expresses the relation between location m of mth peak, the acoustic scale A and the phase shift parameter φ m [14, 15] . This relationship, together with the 95% confidence intervals (Table 2) for the locations of the first six peaks lead to hyperbolic confidence bands in the A − φ m plane (Figure 7) . A physically meaningful range of values for φ m is |φ m | < 1. The intersection of these bands (which occurs, incidentally, for |φ m | < 1) determine an estimated 95% confidence interval for the acoustic scale, namely, 286 ≤ A ≤ 305.
Model-checking by data
The high-dimensional confidence ball around the fit can also be employed to test the extent to which different cosmological models are supported by the data, as follows. We measure the distance of an angular power spectrum predicted by a specific cosmological model from the center of the confidence ball. The confidence level corresponding to this distance can be interpreted as the probability of rejection of the cosmological model under consideration (for details refer to [1, 6] ). It is worth noting that for providing the background angular power spectrum data, we have used the foregrounds nuisance parameters values associated with the Planck best-fit ΛCDM model (subsection 2.1). Under these circumstances this formalism Nonparametric indication of the harmonicity of peaks in the CMB angular power spectrum. This is a 2-dimensional color-coded histogram for the ( i , j ) scatter, where i is the position of the ith peak, for a sample of 10000, 6-peaked spectra from the 95% confidence set. Color indicates log(count) over an -grid with unit spacing in both directions. The peak-peak locations for the ΛCDM parametric fit [11, 12] (crosses), and those for our nonparametric fit (circles) are connected by dotted and dashed lines respectively. We interpret the arrangement of these peaks as nonparametric evidence for the basic physics of harmonicity of acoustic oscillations of the baryon-photon fluid that gave rise to CMB anisotropies.
can be used specially to check the consistency of the Planck best-fit ΛCDM model with the data. The confidence distance of the best-fit ΛCDM angular power spectrum turns out to be about 36% from the center of the confidence ball (i.e., our restricted-freedom nonparametric fit), implying a 36% probability of being rejected as a candidate for the true but unknown spectrum. In comparison, our earlier analysis of the WMAP 7-year data found the bestfit ΛCDM angular power spectrum [1] at 9% confidence distance from the corresponding nonparametric fit.
Another assessment of a cosmological model can be performed by using the χ 2 value of associated angular power spectrum. In our analysis, we used the Planck likelihood code [11] to calculate the χ 2 value of the Planck best ΛCDM fit and a number of restricted-freedom fits.
Since the restricted-freedom fits with small values of EDoF are physically meaningless, we consider restricted-freedom fits with 11 ≤ EDoF ≤ 130 (130 is the EDoF for the full-freedom fit). Alternatively, we calculate the χ 2 values of these fits by using the calculated covariance matrix in subsection 2.1 (Equation 2.2) as following,
where D is the angular power spectrum fit,D is the weighted-average angular power spectrum data with covariance matrix Σ = Cov(D ,D ) (obtained in Subsection 2.1). Figure 8 illustrates the χ 2 values computed by the Planck likelihood code (black points) and by the covariance matrix (blue points). For comparison, we also indicate the χ 2 values of the Planck best-fit ΛCDM model computed using the likelihood code and covariance matrix approaches with black and blue horizontal lines respectively. In addition, the χ 2 values of the full-freedom fit (EDoF ∼ 130) and the restricted-freedom fit (EDoF = 25) are marked by green and red colors respectively on the corresponding χ 2 curve. We see that the χ 2 values computed using the covariance matrix approach follow approximately the ones computed using the Planck likelihood code, except for an offset. Thedifference between two χ 2 values (Figure 8 , inset graph) suggests that this offset is nearly constant for 25. This suggests that the derived covariance matrix we used in this work can be used for a reasonable approximation of the likelihood to the Planck data. In fact, one could take this analysis further by deriving the foreground parameters iteratively after each round of angular power spectrum reconstruction, where the foreground parameters from the best-fit ΛCDM model are used only as an initial guess which the method could improve upon iteratively. However, this is beyond the scope of the present work.
Conclusion
In this work, we have presented a nonparametric analysis of the Planck CMB temperature angular power spectrum data in order to estimate the form and characteristics of the angular power spectrum, using a nonparametric methodology [1] [2] [3] [4] [5] [6] [7] . The main goal of this paper is to make a comparison between a nonparametric estimate of the angular power spectrum and the parametric Planck best-fit ΛCDM spectrum. We have therefore used the nuisance parameters associated with the Planck best-fit ΛCDM model to obtain the background angular power spectrum data. At multipoles ≥ 50, we have calculated the weighted-average of the Planck angular power spectra in the frequency channels 100 × 100 GHz, 143 × 143 GHz, 217 × 217 GHz and 143 × 217 GHz. We have also calculated the covariance matrix of the weighted-angular power spectrum data by taking into account all the correlation terms between spectra.
Our nonparametric angular power spectrum resolves the peaks and dips up to ∼ 1850 and we have shown that the quality of estimated angular power spectrum is reasonably acceptable. The small 95% confidence intervals of locations and heights of peaks and dips reflect the accuracy of the estimation. These results lead to a nonparametric demonstration of the harmonicity of peaks of angular power spectrum (and acoustic scale A ) where we can compare them with the predictions of the concordance model of cosmology. We also check the consistency of the Planck best-fit ΛCDM model with the data. ΛCDM model seems to be at 36% confidence distance (36% chance that model is wrong) from the center of confidence ball which is substantially further than the 9% distance derived earlier analyzing WMAP 7-year data by [1] . This hints that the data may suggest some unexpected features beyond the flexibility of the standard model but we need more data to make better evaluation [16] [17] [18] . We should also note that our direct nonparametric reconstruction of the CMB angular power spectrum indicates no upturn at low multiples which is not exactly what we expect from ISW effect. However, due to large uncertainties at low multiples due to cosmic variance it is not possible to address this issue more quantitatively.
